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A MODIFICATION OF SHELAH’S ORACLE-C.C.
WITH APPLICATIONS

WINFRIED JUST

ABSTRACT. A method of constructing iterated forcing notions that has a scope
of applications similar to Shelah’s oracle-c.c. is presented. This method yields
a consistency result on homomorphisms of quotient algebras of the Boolean
algebra P (w). Also, it is shown to be relatively consistent with ZFC that
the Boolean algebra of Lebesgue measurable subsets of the unit interval has no
projective lifting.

0. INTRODUCTION

To begin with, we consider an example. By Bor we denote the Boolean algebra
of Borel subsets of the unit interval (0, 1), by & the ideal of sets of measure
zero. A Boolean homomorphism H: Bor/.% — Bor is called a Borel lifting of
the measure algebra iff H([X]) € [X] for every equivalence class [X] € Bor/.Z .
It is well known that if CH holds, then there exists a Borel lifting of the measure
algebra (see [O]). Shelah showed that it is relatively consistent with ZFC that
no such lifting exists (see [Sh1]). His proof can be outlined as follows: Start
with a model for V' = L, iterate c.c.c. forcing notions with finite supports. At
stage a, guess a function H_ and, by iterating at this stage a forcing notion P,
that adds a new Borel set X without adding a Borel set Y such that H ([X])
could be Y, make sure that H, cannot be extended to a Borel lifting. Using a
Qw,-sequence of potential names for the guessing of the H’s, every potential
Borel lifting will have been destroyed somewhere along the way, so in the final
model there are no such objects.

But—if H, was destroyed by X, could it not happen that a candidate Y
for H_ ([X]) is added at some later stage of the iteration? Of course it could,
unless we take some extra care. Shelah devised his oracle-c.c. method just for
that purpose. First of all, Shelah observed that at stage o we can make sure
that not only does forcing with P, not add a candidate Y for H_([X]), but
also forcing with P, x Q (where Q is a countable forcing notion) does not add
such a Y . Furthermore, he observed that if { holds in the intermediate model
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¥V, , then one can formulate a condition which he calls M-c.c. such that if the
remainder of the iteration satisfies M-c.c., then no candidate Y for H_([X])
is added at a later stage. Forcing notions that satisfy the M-c.c. resemble the
Cohen forcing rather closely. The ‘A’ in  M-c.c.’ is a parameter that depends
on the particular situation. It is called an ‘oracle’ lending the name to Shelah’s
method.

Naturally the question arises whether, instead of constructing a suitable oracle
M , we could require at stage a + | that the remainder of the iteration does
not add other than Cohen reals over V,,;. A c.c.c. forcing notion that does not
add other than Cohen reals will be called harmless.

In §2 of this paper a method of constructing harmless forcing notions is
presented. In §§3-6 we show how this method yields Theorems A and B stated
below.

Our first theorem involves the Boolean algebra Z(w) of all subsets of the
set w of natural numbers. All ideals in Z(w) considered in this paper are
assumed to be proper and to contain the ideal Fin of finite subsets of @w. We
often identify elements of #(w) (resp. Z#(B), where B is some infinite subset
of w) with their characteristic functions. So the product topology on 2% (resp.
2B) induces a topology on #(w) (resp. %(B)). All concepts like ‘Borel sets,’
‘continuous function’ etc. mentioned in connection with Theorem A refer to
this topology.

Let # C P(w) be an ideal. A function F: P (w) — P(w) is said to
preserve intersections mod £ , iff for every A, B € #(w):

(i) AAB € Fin = F(B)AF(B) € 7, and

(i) F(ANB)A(F(A)NF(B)) € £ .

Let B C w be an infinite set. A function F: % (B) — P (w) is said to be £ -
trivial (or trivial, if the choice of # follows from the context), if there exists
a continuous function F*: #(B) — £ (w) such that F*(A)AF(A) € # for all
AC B. Wecall F _#-semitrivial, if B is the union of finitely many pairwise
disjoint sets By, ..., Bx_; such that F | &#(B;) is Z-trivial for every i < k.

0.1 Definition. By AT we abbreviate the following statement: “For every ideal
F C P(w) of class X!, for every function F: P(w) — P(w) which pre-
serves intersections mod _# , and for every uncountable family & C #(w) of
pairwise almost disjoint infinite subsets of « there exists a B € & such that
F | £(B) is #-semitrivial.”

Theorem A. Let V be a model for a sufficiently large fragment of ZFC, and let
K be a regular uncountable cardinal in V so that V = ‘GCH + k is not the
successor of a cardinal of cofinality w + ¢x({a < k: cf(a) = w1}).” Then there
exists a c.c.c. forcing notion R of cardinality x in V such that VR = 2% =
k& AT.’

The statement AT looks a bit awkward; let us familiarize with it by introduc-
ing some of its close relatives and descendants. The most distinguished ancestor
of AT is the following statement which I abbreviate by TA: “Every automor-
phism of Z(w)/Fin is trivial.” Shelah calls an automorphism of #(w)/Fin
trivial, iff it is induced by a bijection ¢: w —a — w — b, where a and b are
finite sets (see [Sh2]). In fact, the proof of Theorem A follows very closely
Shelah’s proof that TA is relatively consistent with ZFC (see [Sh2]). Also, it
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is there that Shelah expounded his oracle-c.c. method). By analyzing Shelah’s
proof, it is not hard to see that the method presented here allows us to show the
relative consistency of TA with 2% > w, . However, I do not know the answer
to the following.

0.2 Question. Does AT imply TA?

A partial answer to the above question was obtained by B. Velickovi¢ [V1].
He showed that the following is relatively consistent with ZFC: “MA + there
exists a nontrivial automorphism of P(w)/Fin + for every automorphism H
of P(w)/Fin the set {A: H | P(A)/Fin is trivial} is nonempty.”

Shelah’s concept of triviality is very closely related to ours. As a matter
of fact, a substantial part of [Sh2] is devoted to the proof of the following
lemma—although the lemma itself is not explicitly stated in Shelah’s paper.

0.3 Lemma. An automorphism F of % (w)/Fin is induced by a bijection o: w—
a — w—b (where a, b are finite) iff there exists a continuous function F: P (w)
— P(w) such that the following diagram commutes

F:Pw0w) — Plo)

| [
F: ?(w)/Fin —— Z(w)/Fin,
where m is the natural projection of #(w) onto & (w)/Fin.

It is not hard to see that F as in 0.3 preserves intersections mod Fin.

Inspired by Shelah’s result and Velickovié¢’s paper [V], I formulated a state-
ment which I used to abbreviate CSP, and proved in my Ph.D. Thesis [J1] its
relative consistency with ZFC.

Let 7, # C P(w), where £ is an ideal. By CSP(.#, J) we abbreviate
the statement: “For every function F: %(w) — & (w) which preserves inter-
sections mod # there exists a B € .# such that the function F [ £(B) is
F -trivial.”

CSP is the statement: “For every comeagre subfamily .# of &#(w) and every
ideal ,# € X! the statement CSP(#, J) holds.”

I do not know the answer to the following.

0.4 Question. Do any of the following implications hold: AT — CSP or CSP —
AT?
At least the following is easy:

0.5 Claim. AT implies that CSP(#(w) — Fin, #) holds for every ideal # €
.o

Now let us mention some of the consequences of AT. By w* we denote the
remainder in the Cech-Stone compactification of the countable discrete space
w. Under CH, the space w* x w* is a continuous image of the space *,
and the problem whether this can be shown in ZFC was open for many years.
In [J2] it was shown that CSP(#(w) — Fin, Fin) implies that for no natural
number n the space (w*)**! is a continuous image of the space (w*)". By
0.5, the same follows from AT.



328 WINFRIED JUST

A closed subset X of w* is called a P-set, if for every countable family %
of open supersets of X there is an open superset V' of X sothat V Cc "% .
E. K. van Douwen and J. van Mill asked (see [VM, p. 537]) whether one can
show in ZFC the existence of a nowhere dense P-subset X of w* so that X
is homeomorphic to w*. Again, CH implies the existence of such a set. It was
shown in [J3] and published in [J4] that AT (resp. its consequence AKF defined
under 0.13) contradicts the existence of a set X as above.

Denote by

I = {A C w: limsup ____|A:n] = 0}

n—oo

the ideal of sets of density zero, and by

T EmeAnn E%—_l
Ilog = {A Cw: ll;llsol:p——logn—— =0

the ideal of sets of logarithmic density zero. Erdos and Ulam asked whether
CH implies that the algebras & (w)/I; and & (w)/I,g are not isomorphic (see
[E] for a detailed history of the problem). It was shown in [JK] that under CH
the algebras #(w)/I, and % (w)/I e are isomorphic. On the other hand, as
shown in [J1] and published in [J5], AT implies that #(w)/I; is not isomorphic
to P (w)/log -

If CH holds, then every Boolean algebra of cardinality < 2% is embeddable
into #(w)/Fin. The situation changes dramatically under AT.

0.6 Theorem. Suppose AT holds and let .# be an ideal. Suppose furthermore
that either there is a measurable cardinal and ¥ is a Borel set, or there is
a supercompact cardinal and 7 is a projective set. Then P(w)/-F can be
embedded into P (w)/Fin iff 7 is generated by Fin and at most one co-infinite
set.

Notice that by Theorem A, if the existence of a measurable resp. supercom-
pact cardinal is consistent, then it is consistent with AT. I want to give the proof
of 0.6 here, since it is a fairly typical example of how to work with AT.

Proof of 0.6. We shall not need the full force of AT here, but only its conse-
quence ATF, which is the following statement: “For every homomorphism of
Boolean algebras H: P(w)/Fin — P(w)/Fin and every uncountable family %
of pairwise almost disjoint infinite subsets of @ there exista B € & and a
continuous function H so that the following diagram commutes:

H: P(B) — Plw)

ln ln
H | P(B)/Fin: P(B)/Fin —— P(w)/Fin
where 7 is the canonical projection of P(w) onto P(w)/Fin.”
A function H as above will be called a continuous /ifting of H | P(B)/Fin.
0.7 Proposition. AT implies ATF.

Proof. First observe that Fin is an analytic subset of P(w). Moreover, notice
that if H is any function that maps P(w)/Fin into itself, then H has some
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(not necesarily continuous) lifting H; . Also, if H is a homomorphism, then
H; preserves intersections mod Fin. Now apply AT for ¢ = Fin, F = H,
and & to get B € & and H* so that the restriction of H* to P(B;) is
continuous for all B; in a certain finite partition of B into By, ..., By_;.
Now define for 4 C B:

k—1

H(4)=|J H* (AN By)).
i=0

Since the functions N: P(w) x P(w) — P(w) and Uf;olz (P(w))k — P(w) are
continuous, H is a composition of continuous functions. Also, since H is a
homomorphism, H is a lifting of H | P(B)/Fin. O

We say that an ideal .# is trivial below a subset B C w), iff there exists an
A C B so that £ N P(B) is generated by (Finn P(B)) U {4}. In particular,
Fin is trivial below every B, and if B € ., then .# is trivial below B. We
denote .
Tr(#) = {B C w: . £ is trivial below B}.

The following lemma is crucial for our results.

0.8 Lemma. Suppose H: P(w)/Fin — P(w)/Fin is a homomorphism and
H: P(B) — P(w) is a continuous lifting of the restriction of H to P(B)/Fin.
Then n;! Ker(H) is trivial below B.

The proof of 0.8 is already implicit in [Sh2] and [V]. We sketch it for the
convenience of the reader.

Proof. Let H, H be as in the lemma. To simplify the notation, we prove the
lemma for the special case B =w.

Since P(w) is a compact metric space, every continuous function which
maps P(w) into itself is uniformly continuous. Hence there exist sequences of
natural numbers (n;: k € w) and (m;: k € w), and a sequence (Hj: k € w)
of functions so that for all k:

(1) Hi: P(ng) — P(my),

(i) If x C ngyy, then Hp (x)Nnmy = H(x N ny), and

(iil) VX C w H(X) = Ugeo He(X N 1y).

We call a sequence (Hj: k € w) that satisfies (1)-(iii) an approximation of H .
From now on we fix n,, m; and H, as above.

0.9 Definition. Let k* > k. A subset ¢ C [ng, ng.) is called a [k, k*)-
stabilizer, if H(xUcUX)AH(y UcU X) C k* for every X C w — ni. and
X,y Cng.

0.10 Claim. For every k € w there exists a [k, k*)-stabilizer ¢ C [ng, ng.)
for some k* > k.

Proof. This easily follows from the fact that H(X)AH(Y) € Fin whenever
XAY € Fin. For a more detailed proof see [J2, Proposition 4]. O

Now use the claim to find an increasing sequence of indices (p(k): k € w)
and a sequence (cx: kK € w) so that cx C [nyk), Rpk+1y) is a [p(k), p(k + 1))-
stabilizer for every k € w. Also, let
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Ao = UkeolMp2k) » Rpk+1)) »
A1 = Ukeolp@k+1) > Mpk+2)) -
Define for x C [nyq, , ng(kﬂ)):

Hy (x) = Hpr42)(Ck—1 U X U i) N [Mpky s Mpes2)) -

Since H is a lifting of a homomorphism, it is not hard to see that for X C Ay
the set H(X) differs from (., Hak~ (X N [Rp2k) > Pp2k+1))) N H(Ao) only by a
finite set. An analogous representation can be found for the restriction of H to
P(A;). Since H preserves unions mod finite sets, almost all of the functions
H;. preserve unions. Now it is not hard to see that the ideal nliirllKer(ﬁ ) 1is
generated by Fin and the set ¢, {x € [n,4)> Hpk+1)): Hi-({X}) =2}. O

0.11 Lemma. Suppose ATF holds, and % is an ideal so that Tr(.#) has the
Baire property. Then the algebra P(w)/.# can be isomorphically embedded into
P(w)/Fin iff & is trivial below .

Proof. We need the following result of S. A. Jalali-Naini and M. Talagrand.

0.12 Claim. Suppose _# is an ideal that has the Baire property. Then there
exists a sequence (u,: n € w) of pairwise disjoint finite subsets of @ so that
no union of infinitely many sets u, isin _# .

Proof. See [T]. O

Now notice that for every ideal .# the family Tr(.#) is either an ideal or is
equal to P(w). In the latter case, .# is trivial below w,i.e. ¥ is generated by
Finu{A4}, where A4 is some coinfinite subset of w (possibly finite). Let o be the
enumeration of w—4 in increasing order. Then the function H: P(w) — P(w)
defined by H(X) =0~ !X for X C w is a lifting of an isomorphism that maps
P(w)/-# onto P(w)/Fin. This proves the “if” direction.

If .# is nontrivial below @, then Tr(.#) is a proper ideal. In this case, let
(un: n € w) be a sequence as in Claim 0.12 for £ = Tr(.¥). Fix an uncount-
able family . of pairwise almost disjoint infinite subsets of w. For 4 € &
define B(A) = U{un: n € A}. Then & = {B(A): A € &} is an uncount-
able family of pairwise almost disjoint subsets of w such that B ¢ Tr(.%)
for every B € % . Suppose P(w)/-# can be isomorphically embedded into
P(w)/Fin. Then there exists a homomorphism H: P(w)/Fin — P(w)/Fin
such that n!Ker(H) = .# . By ATF, there exists a B € % so that the re-
striction of H to P(B)/Fin has a continuous lifting. By Lemma 0.8, the ideal
# is trivial below B. We reached a contradiction that concludes the proof of
0.11. O

Now observe that if the predicate ‘X € I’ can be expressed by a formula of
class X}, then the predicate ‘Y € Tr(Y)’, which means

3ZZeS&YVXCYXeF o X—-ZeFin

can be expressed by a X}, ,-formula. Hence Tr(_#) is a projective set whenever

¥ 1is projective, and is of class £} whenever .# is Borel. If there is a mea-
surable cardinal, then every set of class X} has the Baire property. It follows
from work of Martin, Steel, and Woodin (see [MSW]), which in turn is based on
work of Foreman, Magidor, and Shelah, that the existence of a supercompact
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cardinal implies that all projective sets have the Baire property. This together
with 0.11 proves Theorem 0.6. O

To conclude our discussion of consequences of Theorem A, let us consider
the following statement AKF which was used in [J4].

0.13 Definition. By AKF we abbreviate the following statement: “For every
homomorphism H: % (w)/Fin — % (w)/Fin and every uncountable family %
of pairwise almost disjoint subsets of w there exists a B € & so that

B € Tr({A C w: A/Fin € Ker(H)}).”

It follows immediately from 0.8 that ATF implies AKF.
0.14 Question. Does AKF imply ATF?

At the end of this section we return to the example we started with, i.e., to
liftings of the measure algebra. By % we denote the family of all projective
subsets of (0, 1).

Theorem B. Let V' be a model for a sufficiently large fragment of ZFC, and let
K be a regular cardinal in V so that

V = ‘GCH + k is not the successor of a cardinal of cofinality w
+ Ox(fa < x: cf(@) = 1))

Let # be either the ideal of meagre subsets of (0, 1), or the ideal of subsets of
(0, 1) of Lebesgue measure zero. Then there exists a c.c.c. forcing notion R of
cardinality k in V such that.

VR & ‘there is no Boolean homomorphism H: Bor — %) such that
Ker(H) = ¥ and H(X)AX € ¥ for every X € Bor.

0.15 Remark. It is likely that stronger results than Theorem B can be obtained
by methods discussed here. In particular, %L is not a g-algebra (it contains
much bigger o-algebras than Bor though). I am convinced that Theorem B
remains true if we replace %) by the o-subalgebra of £((0, 1)) generated
by the projective sets. I did not strive for maximum generality, but intended
to provide a transparent demonstration of what can be done with the forcing
technique introduced in this paper. The reader will notice that our proof of
Theorem B goes beyond the possibilities of oracle-c.c., even if we are content
with iterations of length w, .

0.16 Remark. If one adds just w, Cohen reals side by side to a model of CH,
then in the resulting model there are Borel liftings, and AT fails. The former
was shown by T. Carlson [C], the latter by S. Shelah and J. Steprans [ShSt1].
This shows that the iterations constructed in this paper are not equivalent to
direct products of enough Cohen forcings. Surprisingly, it is still open whether
AT or the absence of Borel liftings follows from 2? > w,. The methods of [C]
and [ShSt1] do not work if more than w, Cohen reals are added.

0.17 Remark. There are alternative ways to prove the consistency of statements
related to AT. S. Shelah and J. Steprans [ShSt2] showed that the Proper Forcing
Axiom (PFA) implies TA, and A. Krawczyk [Kr] independently extracted from
[J1] a proof of the relative consistency of a weak version of AT with Martin’s
Axiom (MA) + 2? = w;. Recently Boban Velitkovi¢ showed in [V1] that
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OCA + MA implies TA (where OCA stands for the Open Coloring Axiom as
defined in [To, p. 72]). Then he and I observed that ATF and the consequences
of AT mentioned before 0.6 also follow from OCA + MA by similar arguments
[J6]. This work is still in progress, and at present it is not known whether the
full AT or the nonexistence of Borel liftings are consistent with MA or even
consequences of MA + OCA.

I would like to thank all those—too numerous to be named here—who have
contributed with their helpful remarks and discussions to this paper. My special
thanks go to the Mathematics Departments of the University of Warsaw and
the University of Toronto, where these results were obtained. The extraordinary
spirit of both institutions highly stimulated my research.

1. TERMINOLOGY AND SOME BASIC FACTS

It is expected that the reader is well versed in the technique of iterated forcing.
Most of our teminology is fairly standard, but some of our conventions are not
so widespread, and a few are idiosyncratic. These we shall discuss in the present
section.

In this paper, we shall only consider iterations with finite support. The ath
iterand will always be denoted by P, , its name by P, , and the iteration of the
first o stages by R,. When we are going to construct a specific iterand—Ilike
in §4—we allow objects of various nature to form the underlying set. However,
when discussing iterations we always assume that the underlying set of P, is an
ordinal. Since all supports are finite, we are entitled to work with determined
conditions. Thus an element r of R, will be a finite partial function whose
domain is contained in k¥ and such that r(¢) is an ordinal in the underlying
set of P for every ¢ € dom(r). The partial order on Pg (which is usually not
an element of the ground model) is denoted by <z . In particular, the elements
of a two-stage iteration P P, are pairs of ordinals, and (£, &) < (n, n;) iff
¢ <on and ¢ IF¢; <; 1. In this way, we shall know the underlying set of R,
right from the outset. Recall that what we construct iteratively is the partial
order, not necessarily the underlying set. We shall write supp(r) instead of
dom(r) to denote the support of a condition r. The intermediate model VR
will be denoted by V, .

By Cohen forcing we mean any nontrivial countable forcing notion. Cohen
forcing is denoted by Q throughout this paper. If B is an infinite subset of
w, then a Cohen real relative to B is a subset C of B such that the set

G = {s: s is a finite partial function from B into {0, 1} and s(i) =1 iff
i € dom(s)&i € C} is a generic subset of the forcing notion,

{s: s is a finite partial function from B into {0, 1}} partially ordered by
reverse inclusion. A Cohen real is a Cohen real relative to .

We write P C P, if the underlying set of P is contained in the underlying
set of P; and the partial order of P; extends the partial order of P.

We shall consider also a stronger relation. Define P « P, iff P C P; and
p Llp g implies p Lp g for all p, g € P (i.e., no two elements incompatible
in P become compatible in Py).

If & is a class, then we write P <4 P, iff P« Py and forall D e &, if
D is a predense subset of P, then D remains predense in P;. In particular,
P <y P; means that P is completely embedded into P, .
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1.1 Lemma. Let D be any class. The relation ‘< g’ has the following properties:

(a) ‘g’ is transitive.

(b) If (Pe: & < k) is a sequence such that P <g P, for all & < n, then for
every £ < Kk there holds: P: <4 Ug<x Pe -

(c)IfR=PxP,, then P <y R.

(d) If R, is an iteration of forcing notions (P,: a < k), and A < k, then
R; <y Ry, where Ry = {r | A:r e R}.

(e) If R <y Ry, then there exists an R-name P such that RxP and R, are
equivalent forcing notions.

() If ¢ is a Zo-formula or a Zi-formula whose parameters are P-names for
reals, and if P <y Py, then for every pe Piplrp ¢ iff plte, ¢.

(g) Suppose R~ <y R, and P~ is an R™-name for a forcmg notton with
underlying set in V. If P is an R-name such that rx P~ < - P’ then
R xP~ <y RxP.

(h) If R~ <y R and P is an R™-name for a forcing with underlying set from
V, then R~ xP <y R«P.

(i) If R~ <y R and P is any forcing notion, then R~ xP <y Rx P.

Before we prove the above lemma, let us fix one more bit of terminology.
If R <y R;, then we shall write R; /R for an R-name for a forcing notion
such that R; and Rx (R;/R) are equivalent. The forcing R;/R is called the
remainder of R; over R. It is determined up to equivalence of forcing notions.
In particular, if R, and R; are as in point (d) of the lemma, then we write
R, instead of R, /R,.

Proof of 1.1. Points (a)-(d) are obvious, (e) is a classical result (see e.g. [G,
p. 457, Theorem 1]). Point (f) is a consequence of (e) and of absoluteness of
formulas of the respective classes. Point (h) is a special case of (g), but it will
be convenient to prove it first. Since P is an R~-name, no condition in R/R~
is mentioned in the construction of P. Therefore, R « P is equivalent to the
forcing R~ x (R/R~ x P). Now it is not hard to see that (h) follows from the
product lemma. Notice that in our approach a product R x P is simply an
instance of a two-step iteration R xP. By the same token, (i) is an instance of
(h).

It remains to prove (g). Let R—, R, P~, P be as in the assumptions. The
relation Irg ‘P~ « P’ implies that R+ P~ <« R P. From (a) and (h) (for
2 = @) we infer that R~ x P~ <« R+ P. Now let (r, p) € R+ P, and suppose
D is a predense subset of R™+P~ . It follows from (h) that D remains predense
in R« P~ . Hence

rikg ‘The set D* = {p;: 3r\(r1, p1) € D&r; € G~} is predense in P~
where G~ denotes the canonical R~-name for the generic subset of R~ . Ob-
serve that D* has an R™-name. Since r Ibg ‘P~ <.~ P, we have in particular

r kg ‘D* is a predense subset of P .’

It follows that there are conditions r, <r and (r;, p;) € D such that r, Lgr r;
and r; kg ‘p1 Lp p.” This means that (r, p) Lg.p (r1,p1). We have thus
shown that the set D remains predense in RxP. 0O

Now we turn our attention to some topological facts about #(C), where C
is an infinite subset of . The canonical basis of Z(C) consists of the sets of
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the form Us, where s is a finite function from some subset of C into {0, 1}.
The open set U contains all those 4 C C whose characteristic function extends
s. A subset K C #(C) has the Baire property iff there is an open subset U(K)
of Z(C) so that the symmetric difference U(K)AK is the union of countably
many nowhere dense subsets of #(C). We say that K is of first Baire category
(or meagre), if K has the Baire property and U(K) = @. If K has the Baire
property and U(K) # @, then K is said to be of second Baire category. If K is
of second Baire category and U(K) is dense open, then K is called comeagre.
A function F: P(C) —» P(w) is said to be Baire measurable, if every pre-
image of an open set has the Baire property. If 4, B C w, and f C #(w)
is an ideal, then we shall frequently write 4 =s B instead of AAB € 7.
Two functions F, F*: P(C) — P (w) are said to be _#-equivalent on a set
K cP(C) iff F(A) =4 F*(A) for all A € K. The following lemma will be
needed in §4.

1.2 Lemma. Suppose F, F*: #(C) —» P(w) are 7 -equivalent on a comeagre
subset Ko of LP(C). If F preserves intersections mod #, and F* is Baire
measurable, then F is Z-semitrivial.

Proof. Let M = J{U(F*~Y(Us))AF*~1(Us): s € 2<®}. The set M is meagre,
and if we put K; = #(C) — M, then it is not hard to see that F* | K| is
continuous. Therefore, F is _#-equivalent to a continuous function on the
comeagre set KoNK; .

1.3 Claim. Let K be a comeagre subset of Z(C). There exist subsets 4, 4;,
B, By of C sothat 4, B are infinite and disjoint, 4; C 4, B; C B, and for
every X CC—-B andevery Y C C—A4 wehave XUB; € K and A;UY € K.

Proof. Let (M,: n € w) be an increasing sequence of nowhere dense subsets
of #(C) so that J,c, My O #(C) — K. We define inductively a sequence
(sn: n € w) of finite partial functions from C into {0, 1} of pairwise disjoint
nonempty domains so that Us;, N M, = @ for every n. The construction goes
as follows. Suppose we have already constructed s, for m < n. Let k be
such that J{dom(sy,): m < n} C k. Let ty, ..., ¢; be an enumeration of all
functions from C Nk into {0, 1}. For i < j, we choose s’ # @ so that
dom(si)nk =@, ‘

sy 2 sy~! (if applicable), and Uy, N M, = 2. Let 5, =53, and let

A =J{dom(sz,): n € w},

B = |J{dom(s2,+1): n € w},

By = U{s;;}{1}: n € w},

Ay = U3, {1}: n € w}.
Since M, C M,,, for all n, this works. O

Now apply the claim for K = KoNK;. Let A, A;, B, B, be as in the
claim. Since F preserves intersections mod # , we have for X C 4: F(X) =¢
F*(XUB;)NF(A). Similarly, for Y ¢ C—A4 we have: F(Y)=¢ F*(4,UY)N
F(C—-A). Since the functions X — XUB; and Z — ZNF(A) are continuous,
also the function X — F*(X U B;) N F(A) is continuous on #(A4). Therefore
F | #(A) is trivial. An analogous reasoning shows that also the restriction of
F to P(C — A) is trivial, so we conclude that F is semitrivial. 0O

At the end of this section I want to mention briefly a few conventions that are
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quite common in the set-theoretic literature, though not ubiquitous. OR denotes
the class of ordinals, Lim the class of limit ordinals. A function f: cf(a) —
o is said to be normal in «, if it is nondecreasing, continuous in the order
topology, and if its range is cofinal in «. By H(w;) we denote the family of
hereditarily countable sets. If M and N are models for some theory, then
we write M <3z, N, iff M is a submodel of N such that if ¢ is a formula
of class X990 with parameters in M, then M | ¢ iff N  ¢. By ‘cub’
we abbreviate ‘closed unbounded’. If p is an ordered pair, then (p)o is its
first, (p), its second element (hence p = ((p)o, (p)1)). The symbol ‘AUB = C’
means ' AUB=C and ANB=2".

We shall frequently speak about reals as codes for Borel or projective sets. It is
usually not important how the coding is precisely done, the reader is encouraged
to think of his or her own favoured way of coding. However, we require that
if the real 4 codes a X!-set, then the formula ‘X is an element of the X-set
coded by A’ is a formula of class X} .

Finally, I admit that I frequently blur the distinction between a sequence
(xa: @ < k) and its range {x,: a < K} just for the sake of notational conve-
nience. I hope this will not cause confusion.

2. A CONSTRUCTION OF HARMLESS FORCING NOTIONS

2.1 Definition. A notion of forcing P is called harmless, if P satisfies the
c.c.c. and for every countable Py C P there exists a countable P; such that
PpCPi«yP.

2.2 Fact. If P is harmless, then every real added by forcing with P is con-
structible from a Cohen real over V. 0O

2.3 Definition. Let R, be a finite support iteration of forcing notions (P,: a <
k), and let S = {a < k: cf(a) = w;}. We say that R, is innocuous, if the
following conditions hold:
(a) The underlying set of P, is w for every o € k — S, and w; for every
a€sS.
(b) For a € S, there exist in the intermediate model ¥, :
- a normal function f,: w; — «,
- a closed unbounded subset C, C w,,
- a sequence of reals (Zg: & < w) = Z° such that:
(bl) For every £, the set Zg is a Cohen real over the intermediate model
Vi -
(b2) For every 6 € C,, we have IFg, ‘P, Nd € Vy (5 .
(b3) Suppose there is a sequence (Vé+ : ¢ < wy), possibly in some richer
world than V,, such that forall £ <5< w;:
- Vi EVCht,
- Vg is a model of a sufficiently large fragment of ZFC,
- Z7 is a Cohen real over v,
Then for every J € C,, we have IFg, ‘P, N3 <y P,
Obviously, we cannot quantify in ¥, over all sequences (Vé*) that may exist
in some “richer world.” One should therefore interpret (b3) as a condition that
holds in ¥, and is absolute in a certain sense.
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2.4 Remark. If we replace in Definition 2.3 “there exists a normal function”
by “for all normal functions” we obtain an equivalent definition. Moreover, if
R, satisfies the c.c.c., then we can always find a normal set C, in the ground
model so that (b2) holds. O

The main result of this section is the following.
2.5 Theorem. Let x be any cardinal. If R, is innocuous, then R, is harmless.
We split the proof of 2.5 into two lemmas.

2.6 Lemma. Let k be a cardinal and suppose R, is innocuous. Then R, sat-
isfies the c.c.c.

Proof. Let R, be as in Definition 2.3. It suffices to show inductively that if
a <k and R, satisfies the c.c.c. then IFg, ‘P, satisfies the c.c.c.’

For o ¢ S this is obvious, since by definition the underlying set of P, is
countable. So suppose that a« € S and R, satisfies the c.c.c. Let f, and C,
be as in the hypothesis of 2.3(b).

By 2.4 and the inductive hypothesis we may assume that both f, and C,
are in the ground model.

Let D be an R,-name for a subset of w;—the underlying set of P,—such
that IFg, ‘D is a maximal antichain in P, .’

There exists a c.u.b. subset C!' C w; such that C! € V and kg, ‘DNd €
Vis) forall 6 € C!. In V, we define a function g: w; — w; as follows:
g(&) =min{n € D: & Lp, n}. Since D is maximal, g is well defined. There
exists a c.u.b. subset C C w; such that V6 € C V¢ <d g(&) <. Since R,
satisfies the c.c.c., we may assume C is in the ground model. For 6 € CNC!nC,
there holds:

kg, ‘DN 4 is a maximal antichain in P, Nd&D NS € V5.

Applying (b3) with ng = V& we infer

IFg, ‘DN is predense in P, .’

It follows that D = DNJ. Since J < w;, we have shown that D is count-
able. O

Now let ¥ and R = R, be as above and fix:

- a family & = {f,: a € S} of functions with common domain w; such
that f, is normal in «,

- afamily & = {C,: a € S} of c.u.b. subsets of w,,

- a family of names Z = {Z'g: ¢ <w,a€S} suchthat f,, C,, (Zg: &<
w;) witness condition 2.3(b). Since R satisfies the c.c.c., we can assume
F,€CV.

Let V'~ be a model for a sufficiently large fragment of ZFC such that V'~ <3,
V,and R, ¥ ,%,Z €V~ . Denote R-=V~nNR.

2.7 Lemma. R~ <y R.

Theorem 2.5 is an immediate consequence of 2.6 and 2.7: apply 2.7 for a
countable structure V.

Proof of 2.7. First observe that since V'~ <5, V' we have R~ < R. It remains
to show that predense subsets of R~ remain predense in R. For a < k denote
R; = R, NV~ . We show inductively that R, <y R, . First notice that if o
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is a limit ordinal and RE <y Ry forall f < a, then R; <y R,. So assume
a=pf+1,and RE <y Rg. Let D C R be a predense subset and let g € R, .
- In order to show that there is some p € D such that p Lg g, we distinguish
three cases.

First case. f ¢ V~. The set Dg = {p | B: p € D} is predense in RE, and
by the inductive assumption it remains predense in Rg . Hence, there exists a
p €D suchthat p[ B Lgr, g | B. Now it suffices to notice that supp(p) C V'~
forevery pe R, ; hence, p| f=p forall peD.

Second case. B € V-&B ¢ S. In this case the underlying set of Pﬂ is w;
hence, if all names are nice names we have P;n ¥~ =P; and Ry Py =R .
We conclude that R, <y R, .

Third case. B € V~-&B € S. In this case, V™ Nw; =& for some ordinal &;.
If & = w,, then we may reason as in the secqnd case. Let us assume that &,
is a countable ordinal. In a sense, Pg NV~ =Pz N¢p.

2.8 Claim. ”_Rp ‘Pp né < R Pﬂ J
4

By Lemma 1.1(g), the proof in the third case is an immediate consequence
of 2.8.

Proof of 2.8. Since F ,%,p € V~, we have also fz,Cs € V~. Hence,
V= IF‘Cp is a c.u.b. subset of w; and f; is a normal function from w; into
B . It follows that the range of f3 | & is cofinal in y = sup(V'~ N ) and that
the set CgN¢&p is cofinal in &,. Hence, & € Cp and f3(o) = y. Applying
2.3(b) for Vit = V), we infer that I-g, ‘Pg N & <y, Py, so all the more
Iy, Ps & < u Pj . This concludes the proof of 2.8, and hence, of 2.7 and
2.5. 0O

Unlike such notions as chain conditions and properness, the property of being
an innocuous iteration is in general not inherited by the remainder R, .

It may even happen that for an innocuous forcing R, and some a € § we
have

IFr, ‘Rox is not harmless.” But still the following holds.

2.9 Lemma. Let R, be innocuous, and let a € k —S. Then IFr, ‘Rux is
equivalent to an innocuous iteration.’

Lemma 2.9 is a special case of a more general fact. To formulate it we need
some notation. Let V'~ C V. We say that V'~ is w-ended, if for every ordinal
a €V -V~ either cf(a) =w or sup(V Na)<a.

2.10 Claim. For every ordinal « there exists an w-ended structure V'~ <z, V
such that |V~ |=w;,and o, U{a} C V™.

Proof. Observe that if W is a structure of cardinality w, , then theset E(W) =
{a € OR: a ¢ W& sup(W Na) = a} is of cardinality at most w;. Thus,
V'~ may be constructed as the union of a X;pp-elementary chain (W}),c of
submodels of V' such that E(W,) Cc Wy, forall new. O

2.11 Lemma. Suppose R, is an innocuous iteration of forcing notions (P,: a <
k),and a € SNk. Let V~ <3, V be an w-ended structure of cardinality w,
sothat o, CV~ and o, R, € V™.
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Then Ry 1 NV~ <y Ry and kg, nv- ‘Re/(Ras1 NV7) is equivalent to an
innocuous iteration.’
Proof. Like on previous occasions, denote R~ = V'~ NR__, . The first part of
the lemma is true by Lemma 2.7. Notice that if g € V'~ , then P,g € V- and
Py C V'~ (since Py € H(w,)). Also, notice that by elementarity, in V'~ there
are sequences ¥ , ¢, .Z witnessing that R, is innocuous.

Let m: a+ 1NV~ — y be an order isomorphism. Notice that if § € dom(x)
and cf(f) < w;, then cf(n(B)) = cf(B). If B € dom(n) and cf(f) > w,, then
cf(n(B)) = w, since V'~ is w-ended.

Also, let g: a+1—V~ — 9’ be an order isomorphism. It is not hard to see
that cf(B) > cf(g(B)) for all B, and if cf(B) > w;, then cf(B) = cf(a(B)).

Finally, we define a function 7: x — k as follows:

Yy 4y forf=a+1+y",
r(/i)={7z(/3) foreV-—nNna+1,
y+o(f) forpea+l-V—.
Define a function 7: P, — P, as follows:
If p € P, then dom(7(p)) = t[dom(p)], and if B € dom(p) is such that

p(B) =&, then T(p)(z(B)) =¢.

Ifé¢,ne Pﬂ ,and p ”_RB ‘& <p n,’then &, 5 € Pt(ﬂ) ,and T(p) ”_Rr(ﬂ) <& <3(8)
n.” In other words, we change the order of iteration. We are entitled to do so,
because if B € V', then every ordinal mentioned in defining the order <z of
P; also is an element of V'~ (the name for <z is an object of size w,; ). It is
not hard to see that 7 is an automorphism of P, .

Now our task reduces to showing that ”_?[R;ll ‘T[Rk]/7[R_ ] is equivalent

to an innocuous iteration.” Clearly, “_?lR;nl T[R]/T[R ] = T[Rot1,x]

So we reduced 2.11 to 2.9, except that we must first convince ourselves that
T[Ry] 1is still an innocuous iteration.
2.12 Claim. T[R,] is an innocuous iteration.

Proof. Since t preserves cofinality w,, the image T[R,] satisfies 2.3(a). Now
suppose f € kNS, andlet x4 be suchthat t(u) = B. Let f,, Cy, <Z¢#: &< wy)
be the witnesses of 2.3(b) for the iteration R, at stage u.

We distinguish two cases:

First case. u ¢ V- Na+ 1. There exists a 6 < u such that {n:d < n <
uyn¥V-Nna+1=a, hence, f,(&) ¢ V- Na+ 1 for sufficiently large &.

By 2.4, we may assume that f,(£) ¢ V'~ Na+1 forall £. We concentrate
on the case where u < «. The case u > « is even simpler.

Now t(f,(&)) =y + o (fu(&)) and lims,, (f.(&)) = B. We know that
”-Ru ‘PM Nno e Vf“((;) for every 0 € Cﬂ J
All the more, since ¥V (s,s)) D Vy,(5)» We have
”‘;[Ru] ‘Pﬂ no e I_/‘r(fu(é)), ford € Cﬂ .

Here, 7[R,] is the iteration of the first B steps in the new order, and 7,( £.(6))
is an intermediate model according to the new order of iteration. We shall write
Ry instead of 7[R,] in the sequel.
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Now consider 2.3(b3) for R, . Notice that the sequence (I/;,+ =Vy @ €<
w;) satisfies the hypothesis of 2.3(b3), since Zé“ is still a Cohen real over Vg
for every & < w; ! Indeed, by assumption, Zé‘ is a Cohen real over R, where
& =sup(V~n f.(8); so Zé" must have been added at some stage between &
and u.

Now in the names P, for # € ¥~ — ¢ none of the objects constructed at
stages between £ and u is mentioned (recall that V- nu C &), so Zé‘ meets
all dense sets of the Cohen forcing whose names mention only conditions in

Ry and in R, in other words, conditions in R(,)) -

It follows that if we put: 7ﬂ =7Tofy, ag =C,, and 7? = Zé“ for all &,
then conditions (bl) and (b2) are satisfied. The new condition (b3) is now in
fact a weakening of the corresponding condition at the old stage u.

Second case. u € V- Na+1. We show that tof,, C, and (Zé‘: £ < ;) witness
2.3(b). Clearly, these are objects of the right kind, and since V) C Vi)
condition (b1) holds. Since all forcing conditions mentioned in the name P,
are in V'~ , also (b2) holds. It is somewhat less obvious that (b3) goes through;
after all, there might be more “richer worlds” which contain 7,( £.8) than there
are “richer worlds” that contain Vy ) . Once more we should remember how
we arrive at (b3). In V), the forcing P, has a certain property ¢ which may be
expressed by a formula of ZFC. This formula, although a bit technical, certainly
does not involve more than 100 alternative quantifiers.

By Zjgo-elementarity, Vs E ¢(Pg). (¢ has more parameters of course.
These are omitted here.) Now by a metamathematical reasoning—which is still
expressible in ZFC, as long as we settle for models for a fixed fragment of
ZFC—we deduce the actual wording of (b3) as an absoluteness property of ¢.
This concludes the proof of the claim. O

So we are left with the

Proof of Lemma 2.9. Condition 2.3(a) follows from the fact that w} = wf“ .
Let B € k — (a+ 1) be an ordinal of cofinality w,;, and let fz, Cs and

(Z,f: £ < w,) be witnesses for (b).
Let { = min{¢: f3(¢) > a} . We define f3(&) = f3({+¢) —a. Clearly, fp is
a normal function, and f4(&) = fz(£) for cofinally many &. It is not hard to see

that fﬂ , (Zcﬂ et ¢ < w;) and a suitable final segment of Cg witness condition
2.3(b). O

3. REDUCTION OF THEOREM A TO MAIN LEMMA A

3.1 Main Lemma A. Suppose CH holds and we are given:

- an ideal # which is a Zl-subset of P (w);

- a family {B;: & < wi} of pairwise almost disjoint infinite subsets of w;

- a function F: P(w) — P(w) that preserves intersections mod # such
that for every & < w; the restriction F | P (B;) is not semitrivial,

- a sequence (V(&): & < w,) of transitive models for a sufficiently large frag-
ment of ZFC such that:

V@) cVn forE<n<w,
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- H(w1) = Ugep,, V@) NH(w1),
. whenever D C w,, then the set ND = {{ < w;: DN& € V¢} contains a
c.u.b. subset of wy;
- a sequence (Zy: & < wy) of subsets of w such that Zy is a Cohen real over
V(&) for E < wy.
Then there exist
- a normal function g: w; — wy ;
- sequences (Ag: & < wy) and (Cy: & < w,) of pairwise almost disjoint subsets
of w;
- a sequence (P*: & < wy) of countable forcing notions;
-a P =, P--name X such that

(T1) F €V(g0);
(T2) P 4e, G, F(4e), F(Co) € V(g(E+ 1)) foré <an;
(T3) P¢ Lyey P foré<n <o
(T4) IP| = wi;
(TS) P =|JP° forieLlimno;
E<h
(T6) Denote by Q the Cohen forcing. Then

Ikp V& < @ X N Cs =pin Az, and for every P x Q-name Y for a subset of @
there exists § < w; such that for all n between & and w;:

lFprixg Y NF(Cy) # #F(Ay).
Moreover, these objects may be constructed in V' in such a way that the following
holds: Suppose there is a richer world V+ which knows of an increasing sequence
(V(E)F: & < wy) of models for a sufficiently large fragment of ZFC such that
forall ¢ < wy: ’

V@) S V)",

- Z is a Cohen real over V({)*.
Then the following holds in V*:

(T3+) P* Ly (gEn* PT foré<n<w.
3.2 Claim. Suppose P is as in 3.1. Then P satisfies the c.c.c.

Proof. Like Lemma 2.6. It is exclusively for the sake of this proof that we
require ND to contain a c.u.b. whenever D C w;. O

The remainder of this section is devoted to the demonstration how Theorem
A follows from the Main Lemma A. We start with a universe V' that satisfies
the hypothesis of Theorem A (e.g. L will do), and fix k¥ € V' as in Theorem A.
We want to construct an innocuous iteration R, of forcing notions (P,: a <
k). Since the underlying set of R, is determined by Definition 2.3, we know
beforehand the objects which may become R,-names. These objects will be
called potential R.-names (see §4 for a detailed discussion of potential names
for reals. There, a different forcing notion is considered, but the idea remains
the same). Since R, will satisfy the c.c.c., we may fix the following sequences
before the actual construction of R, :

- a sequence (F':a < k) of certain potential R,-names for functions
F: P (w) - P();
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- a sequence (% : a < k) of all potential R,.-names for codes of analytic
ideals in #(w);

- a sequence (gi’a: a < k) of all potential R,-names for families of cardinal-
ity w; of pairwise almost disjoint infinite subsets of w.

Moreover, since V' Ik ¢x(S) (where S = {a < k: cf(a) = wi}), we can
arrange these in such a way that for every triple (F, £, %) of potential R,-
names for a function from #(w) into #(w), a code for an analytic ideal and a
family of cardinality w; of pairwise almost disjoint subsets of @ respectively,
thesetS(F/@) {aeSF[Q”() V,=F | Plw)nV,& £ =
L& B =R} is stationary in k. By F, we shall denote F'1 P@)nV,.

Now we construct inductively the forcing notions P, If a € k — .S, then
P, is an R,-name for the Cohen forcing. If o € S, then we check whether the
following five conditions hold:

(i) F, is an R,-name for a function from %#(w) into P (w);

(ii) % is an R,-name for a code of an analytic ideal;

(iii) %, is an R,-name for a family of cardinality w; of pairwise almost
disjoint infinite subsets of w;

(iv) Ikg, F, preserves intersections mod P

(v) IFr, ‘VB € B, F, | B is not semitrivial.’

If one of these conditions does ot hold, then P, will be a product with finite
supports of countable forcing notions.

If (i)-(v) hold, then I+g, *(F,, % , %,) is a counterexample to AT.’

In this situation we want to design P, so as to destroy the counterexample.
We fix a function f,: w; — o normalin o, and a sequence .Z°¢ = (Zg: &< wy)
of reals so that in ¥V, the hypotheses of the Main Lemma A are satisfied with
F,=F,%,={B::{ <}, fa=,and V() = Vyy forall £. The one
hypothesis of 3.1 which may not hold in V, is the Continuum Hypothesis. If
it does hold, then we let P, be an R,-name for a forcing notion P so that
(T1)—(T6) and (T3+) are satisfied in V,. If CH does not hold in ¥V, (i.e. if
a > w>), then we choose an w-ended structure V'~ <5, V' of cardinality w;
such that @; C V'~ and everything relevant is an element of V'~ . In particular,
we want 2, F,, S, and %, to be R;-names, where R; =R, NV ™.

3.3 Claim. ”'R; ¢ (Fa , Zl , gi’a) is a counterexample to AT.’

Proof. Notice that e.g. a formula like IFp ‘Vx3y¢(x, y)’ can be rewritten as:
VP-name Xx3P-name p(lFp ‘@(X, y)’). So the claim follows from the fact that
V- =100 V. O

It follows that ¥~ = V'R satisfies the hypothesis of the Main Lemma A. We
let P, be an R;-name for a forcing notion P so that (T1)—(T5) and (T3+) are
satisfied in V. Since the forcing notions P¢ are countable, we may without
loss of generality assume that the underlying set of P¢ is w x ¢ for all &.

This finishes the description of R, . We show that it works.

3.4 Claim. R, is innocuous.

Proof. Clearly, 2.3(a) is satisfied. Also, if o € S and at stage a we did not
have to deal with a counterexample, then enumerating P, in such a way that
the product of the first 6 Cohen forcing notions is enumerated by ¢ for all
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0 € Lim N w,, we easily see that P, N <y, P, forall § € Limnw,, ie,
C, = Lim N w; witnesses 2.3(b). The normal function f, and the sequence
Z« are irrelevant in this case.

If « € S is such that we invoke the Main Lemma A for the construction
of P,, then let f, and Z be as used in the construction of P,. Let C, =
{&: 0w x&=E&P* € V(&)}. It follows from (T5) that C, is a c.u.b. subset of
w1 , and since we assumed the underlying set of P to be w x ¢, it follows that
2.3(b2) holds. Condition 2.3(b1) is true by assumption, and 2.3(b3) corresponds
to (T3+). O

3.5 Corollary. R, satisfies the c.c.c. O
3.6 Corollary. Vi IF ‘29 =k.” O
The next lemma is the last brick needed for the proof of Theorem A.

3.7 Lemma. V, |+ AT .

Proof. Suppose not. Then there is a triple of R,-names (F, Z,%) such that
kg, “(F, £, %) is a counterexample to AT.’

Notice that by absoluteness of X!-formulas, (i)-(iv) are satisfied at all stages
acSWF, f,F).

3.8 Claim. There is an o € S(F, ¢, %) so that (v) holds.

Proof. Suppose not. Then in ¥, the following holds: Vo € S(F, ¢, #)3B> e
F3k € w34y, ..., Ay 3Fg, ..., Fg |BX =AU U4} &Yi < kF | P(A4%)
=g Ff&FP is continuous.

A continuous function on the separable space #(4) is uniquely determined
by its values on a countable dense subset, say on Fin N.%#(A). This allows us
to encode continuous functions by reals. Since cf(a) = w; for a € §, and R,
satisfies the c.c.c., the following holds in V,: Va € S(F, Z, #)3f(a) < a3B* €
Bk € wIAG, ..., A} € Vy3Eg, ..., E3 | € Vpoy B* = AU---UAZ_ &
Vi <kF | P(A?) =5 Fr&F? is continuous.

The function « — B(«a) is regressive, so by the Pressing Down Lemma there
is some stationary set S; ¢ S(F, £, %) and a § such that B(a) = g for all
a € S;. We may assume that the B* = B and k are always the same on S ;
and since Vg IF 2% < K, we also may assume that 4¢ = 4; and F;* = F; for
all a € S;. But then F | Z(B) is semitrivial in V,, a contradiction. O

Now let a € S(F, #, %) be such that (v) holds at stage o of the construc-
tion, i.e., we iterate at stage o a forcing notion P, which satisfies (T1)-(T6) and
(T3+) of the Main Lemma A. Consider the set X C w whose existence the Main
Lemma A postulates. Let X be an R, -name for X, where R, =R * P,.
We show that there does not exist an R,-name Y for a potential value of
F(X).

3.9 Claim. Let Q denote Cohen forcing. IFg- «Q ‘for every Y C w the func-
a+l

tion F, U (X, Y) cannot be extended to a function preserving intersections

mod £’

Proof. Notice that in our approach to finite support iterations the forcing no-
tions R, xQ and Ry (P, x Q) are identical. Instead of P, we shall write
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P. Let Y be an R; * (P x Q)-name for a subset of w. By (T6), there exist a
maximal antichain {r;: i € w} in R, and a set of ordine}ls {&i: i € w} such
that for every i € @ and 5 >&i: rilbg—, priiyg) Y NFa(Ca) # 4 Fa(dy)

. Thus if.n >.éw'= sup{fi‘: i € w} , then '_"R;*(ywa) ¢y , Where ¢, =‘A;7 U
C, Cw&YNFE,(C)A F,(4y) ¢ F &XNCyA Ay € Fin.

Clearly, the proof of the claim will be complete if we show that also
IFr R +(PxQ) ¢, for some n below w;. So fix n between ¢, and w;, and
let’ { < {* <a besuch that f,(7) = and fo(n+ 1) = {*. From (T2) we
infer that P™!, 4,, G, Fu(Ay), Fu(Cy) are Ry, -names; and without loss of

generality we may assume that _¢ is an R/, -name, and that X, Y are both
R;. *(P"*! x Q)-names. By Lemma 1.1(h), ch «(PT1x Q) <y RS+ (P11 x Q).

Notice that ¢, is a II}-formula, hence by Lemma 1.1(f) we have
“'R;*(Pﬂ“xo) ¢y. Also, by Lemma 1.1(g) and (T3), Ry, * P! x Q) <y

R; « (P xQ), hence IFg—,prq) ¢n- O

Claim 3.9 may be interpreted as follows: “In ¥R | the function F, cannot
be extended onto X to a function preserving intersections mod _# , and this
remains true in any model obtained by adding one Cohen real to VR« .” Now
recall that by Lemma 2.11 we have: IFg- ‘R/R,y; is harmless.’

By 2.2, this implies that every candldate Y for F(X) would be constructible

from a Cohen real over VR« | contradicting 3.9. Therefore, V. I+ *F does
not preserve intersections mod _# ,’ contradicting our initial assumption. We
have thus proved 3.7. O

4. PROOF OF THE MAIN LEMMA A

Throughout this section we assume that CH holds and fix #, F, {B;: { <
w1}, (Ve: & < wy), (Ze: £ < wy) which satisfy the assumptions of the Main
Lemma A. Our aim is to construct a function g and sequences (P°: ¢ <
1), (Ae: & < 1), (Ce: & < wy) and a P = J;, P--name X for a real
such that (T1)-(T6) hold.

The “Moreover ... ”-part of the lemma will be a by-product of our construc-
tion. Let A= {A4;:i<¢é<w;} and D= {D;: i <& < w;} be such that AUD
is a family of subsets of w with pairwise finite intersection (the sets A4;, D;
themselves may be infinite, finite or even empty). We define a notion of forcing
P(A, D) as follows:

P(A, D) = {p: p is a partial function from  into {0, 1} which is a union
of finitely many functions of the form 1,4A fin and Op,A fin}.

Here jp denotes the function with domain B assuming the value j for all
its arguments. We say that a function g is of the form fAfin if fAg is a
finite set, i.e., the symmetric difference of the domains of f and g is finite
and there are only finitely many common arguments for f and g such that
f(x) # g(x).

The forcing conditions are partially ordered by reverse inclusion.

The forcing notions P¢ which we are going to construct will be of the form

P =P(Z€,5{),where T = {4;:i < &} and D= {D;: i < ¢&}. Clearly, P¢
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thus defined will be countable for every & < w; . If moreover A4 = Ug<o, 4t

or D' = Ue<w, De contains uncountably many infinite sets, then P will be
uncountable, i.e., (T4) will hold. It is worth noting that p £ g holds iff puUgq
is a function; no matter whether the compatibility relation refers to P* or P7.
Thus, P < P" for &< 7.

The name X will be a name for the subset of w whose characteristic function
is |JG, where G denotes the generic subset of P. Obviously, we can choose
X to be a P%-name.

Actually, we shall choose 4; and D; so that 4, N D; = @. In this case,
the union 1,4 U Op, will be a forcing condition; we denote it by Ch;. For
convenience, we denote C; = A;UD; for i < w; . Notice that Ch; I * XNC; =
A;’and IF “ XNC; =g, 4;,” no matter whether we interpret the forcing relation
“IF” as “IFf >, “IFE" ” or “IFY. ”. At this stage of the proof, we have already
schematically constructed our forcing notion P. All what remains to do is to
choose appropriate 4;’s and D;’s and a function g such that (T1)-(T6) hold.
So let us relax for a moment and contemplate what we have done so far. A
potential element of P x Q is a scheme

p=(huly Uly U--Ulgy vUO0p, ,  U---UOp, ., q),

i(0)—N i(H—N

where k,r, N € w, h is a finite partial function from w into {0, 1},9€Q,
and i(0), ..., i(k +r) are pairwise different countable ordinals.

By p we denote the interpretation of the scheme j obtained by substitution
of the actually constructed 4; and D;.

An interpretation p of p is an element of P x Q iff (p)o is a function.

Similarly, a potential name for a subset of w 1is a set of triples: y =
{{n, B}, t}): k, n € w&p} is a potential element of PxQ&1} € {true, false}}.
A potential name y becomes a name, if all schemes p; become conditions in
P x Q and for all n € w the set M, = {p}: k € w} becomes a maximal an-
tichain in P x Q. Notice that here we tacitly make use of the fact that Px Q is
bound to become a c.c.c. forcing notion, as we know from Claim 3.2. Since CH
holds, we may arrange in a sequence (y:: ¢ < ;) all potential P x Q-names
for subsets of w.

Now we are going to construct inductively the function g and the sequences
<A,’I 1< Cl)]) and (D,‘: 1< (01).

The construction of an appropriate function g is easy: At successor stages,
take care that g grows sufficiently quickly to ensure Rg(g) becomes cofinal in
w; . At limit stages, take care that g is continuous.

Now suppose we are at stage £ of the construction, that we know A4; < D; for
i<&,and g(&). If ¢ is a limit ordinal, then it may happen that P* ¢ Ve »
so we choose an ordinal f < w; such that g(&) < B, and P*, B; € Vg .

4.1 Lemma. Whenever C; C By is a Cohen real (relative to B) over Vj°,

and Az, Dg are such that A:UDg = C¢, A:N Dy = @, then P(:‘l{, E{) <<Vﬁ+
— o~

P4 U{A4:}, D" U{D;}).

Of course the above lemma does not quite fit into the frame of our proof,
since it requires at least some knowledge about the richer world ¥+ . For that
reason we defer its proof for the time being. However, an appropriate C;: is
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readily available in our actual world V' ; just take en[Zg], where en is the func-
tion enumerating B; in increasing order. So we can carry out the construction
entirely in V', not even suspecting that there might be a richer world, where the
final product of our efforts has still some nice properties.

We say that a Pé-name p for a subset of w receives attention at stage &, if
y =y¢ for some { <& and y € V() . Notice that there are at most countably
many names ) receiving attention at stage &.

4.2 Lemma. Let C C w be an infinite set which is almost disjoint from all sets
A;i, D; for i <E&.
If F | 2P(C) is not semitrivial, then there exists Az C C such that if P*+! =

P(Z{ U {4}, DU {C — A4;}), then for every y which receives attention at stage
¢ there holds: IFpeniyg ‘F(C)NYAF(4e) ¢ 27

Notice that if C! C B: is constructed from Zz as described above, then
either C = C! or C = B;—C! satisfies the hypothesis of 4.2 (since F [ Z(B;)
is not semitrivial). So by 4.1 and 4.2 we find 4: C C and D = C — A¢ such
that P* <y, P<*! and (T6) holds for all y which receive attention at stage ¢.
Choosing g(& + 1) > B large enough to ensure that (T2) holds, we finish our
construction.

It is easily seen that (T1)~(T5) hold. Condition (T6) follows from the fact,
that every P x Q-name y for a real eventually receives attention.

It remains to prove the lemmas.

Proof of 4.1. Denote for the purpose of this proof: P = P(Zc , D{) and P+ =

P(Zé U {4}, DU {D¢}), for parameters as in the hypothesis of the lemma.
It is clear that P « P*. Now let T be a predense subset of P, and p =
poU l4_yUOp_n be a potential element of P+ (where py € P). By p(4, D)
we denote the interpretation of p for a given choice of 4 and D. Note that
p(A4, D) is an element of P* iffitisa function. Let G(p, T) = {X C B:: VY C
X3reTp(Y, X —Y) isnot a functionor p(Y, X —Y) £ r}.

4.3 Claim. G(p, T) contains a dense open subset of Z(B;).

Proof. As in §0, we identify subsets of B; with functions f € {0, 1}5 . Let
s be a function on a finite initial segment of B; into {0, 1}. We show
that there is a function ¢ from a finite initial segment of B: such that f €
G(p,T) whenever t C f. Let C~ = s~!{1}. For every A~ C C~, either
p(A=,C~ — A7) is not a function, or there are conditions g(4~) € P
and r(A4~) € T such that g(47) < p(4=,C~ — A7), r(47). Denote
U{dom(q(47)): A~ c C~}N B = E. Since B;: is almost disjoint from every
A, and D, for n <&, the set E is finite. Let £ D s be such that E C dom(?),
and ¢(n) = 0 forevery n € E—dom(s). Note that ¢ does the job: If the charac-
teristic function of C extends ¢, and AUD = C, then p(A4, D) is compatible
with g(A47), and hence, with r(4~). O

Now, if T € Vﬂ+ and p € V,;r , then also the set G(p, T), which is defined
by a IT}-formula with parameters from Vﬂ+ , is in Vl;r . Since C is a Cohen

real relative to B, for every p, D as above, the set C € G(p, T). This means
that if A;UD; =C,and T € V/g+ , then T remains predense in P*. 0O
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Proof of 4.2. Suppose C is as in the hypothesis of the lemma. For 4 ¢ C

denote: T(4) = P(A U{4)},D'U{C - 4}) xQ, and T = P x Q. Let

{p(n): n € w} be the set of all T-names which receive attention at stage &.
For pe T and A ¢ C we denote:

pVChy=((p)oU lA—(p)o_'{O} U OC_(AU(IJ)JI{I}) > (P))-

Notice that the set {pVCH 4: p € T} isdense in T(A4) forevery 4 C C. For
newand peT,let 4, ,={ACC:pV Chylryy ‘(F(C)Nny(n))AF(A4) €
F’tand Iy , ={(4,E): ACC&E C w&p V Chylrry *(F(C)Ny(n))AE €
7}

4.4 Claim. For every n € w and p € T, the set I';, , is an analytic subset of
PC)x Plw). O

The formal proof of 4.4 is completely straightforward, though tedious. It was
expounded in [J1]. The interested reader should have no difficulty proving the
claim him—or herself.

Now suppose the lemma does not hold. In our new terminology this means
that

(1) U{A,,,p:nea),peT}:g”(C).
Let PT, ,={AC C:3E C w({4, E)eT, ,}. By (1),
2) \{PTw,p:new,peTt=2(C).

By Claim 4.4, for every n, p the set PI', , € Z{ ; hence, it has the Baire
property. By (2), there must be a pair (n, p) such that PI', , is of second
Baire category. We fix such a pair (n, p’). Let U; be a basic subset of Z#(C)
such that Us — PT,, , is of first Baire category, and suppose dom(s) C N. Fix
p < p’' such that N C dom((p)o), and for every k € dom(s) — dom((p’)y) we
have (p)o(k) = s(k). Notice that PI', , is a comeagre subset of #(C).

By a theorem of J. von Neumann (see [M, p. 240, 4E.9]) there exists a Baire
measurable function F;: #(C) — P (w) such that (4, Fi(A4)) € I'y,,, for all
AePly ,.

4.5 Fact. Let (4, E)eT, ,. Then VE, Cw(A, E\) €I, , « EAE, € 7.

Proof. If
pV ChylF‘(y(n)NF(C))AE € £’

and
pVChylF(y(n)NF(C)AE, € £ ,’

then pvVChy I+  EAE; € # . By absoluteness of l-formulas, EAE, € . O

It follows that F; is a Baire measurable function _#-equivalent to F on
a comeagre subset of Z(C). By Lemma 1.2, this implies that F [ #(C) is
semitrivial, contradicting the hypothesis of Lemma 4.2. 0O

5. A PRESERVATION LEMMA

This section is devoted to the proof of Lemma 5.1, which in turn is crucial
for the proof of Theorem B in the next section. By Fn(f, 2) we denote the
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set of all finite partial functions from B into 2 partially ordered by reverse
inclusion. We say that a formula is X!, if it is £} for some ». In particular,
all I1.-formulas are X!. In this and the following section we call a forcing
notion R uncountable, if the restriction R | r is uncountable for every r € R.
I hope that this abuse of terminology does not cause misunderstandings.

5.1 Lemma. Let ¢(ay, ..., a;) be a Z'-formula with all parameters shown.

(a) If Py and P, are both uncountable harmless forcing notions, and
ai,...,a, are reals in the ground model, then Irp, ¢(ay,...,a;) iff
IFp, olay, ..., a).

(b) Suppose R, R* are forcing notions such that. R <y R*, and kg ‘R*/R
is harmless. ‘

Suppose furthermore that P is a R-name for a countable forcing, and y,, ...,
Vi are RxP x Fn.(wl , 2)-r.zamesfor reals. Then \Fp,pypn(w,,2) P15 -5 Vi) iff
”_R+=«P><Fn(a)1 )2) ¢, - .- ; Vi) - )

(c) Suppose R, R* P, y,, ...,y are as in (b){ and assume that l"* is an
R*-name for a forcing notion such that \rg+ P <pr P*, and kg < (R**P*)/R is
harmless., Then ”_R*PXFI'I(CL)I ’2) ¢()>1 9 s e s _)./'k) l:ﬁ‘”'_R*,*P.;an(wl ,2) ¢(y1 5 ey yk) .

Although (b) and (c) of the lemma look fiercely technical, their proofs are
quite harmless, once (a) is established. They rely on the following claim.

5.2 Claim. Let R, R*, P, P* beasin 5.1. Let f < w,.

(a) IFpupxrnp,2 (RY *PxFn(w,, 2))/(R+P x Fn(g, 2)) is harmless.’

(D) IFRupxrFn(s,2) (R * P+ x Fn(w;, 2))/(R*P x Fn(B, 2)) is harmless.’

To see how the claim together with 5.1(a) implies 5.1(b),(c), notice first
that y,, ...,y must in fact be R* P x Fn(#, 2)-names for some f < w;.
By repeated applications of Lemma 1.1, we see that R x P x Fn(8, 2) <y
R* «P x Fn(w;, 2) and R+xP x Fn(B, 2) <y R* Pt x Fn(w, , 2). Therefore,
Y1, ..., Vx remain names for reals in the languages of the larger forcing notions.
Clearly, in VR*PxFn(8.2) 'the remainder (R+PxFn(w,, 2))/(RxPxFn(f, 2)) is
isomorphic to Fn(w,, 2), and is therefore an uncountable, harmless forcing no-
tion. The other two remainders are harmless by 5.2, and obviously uncountable.
Now apply 5.1(a) in VR*PxFn(8.2) to ¢(y;, ..., y,) for the forcing relations

IF R+ P xFn(e; , 2))/(RxPxFn(8 ,2)) TESP. ”‘(R+*P+an(L91 ,2))/(R<PxFn(f,2)) *
The following fact is crucial for the proofs in this section.

5.3 Sublemma. Let R be a harmless notion of forcing, and let P be countable
such that P <y R. Then Fp ‘R/P is harmless.’

We need to recall an alternative characterization of the <y -relation.

5.4 Definition. Let P, R be such that P « R. Call a condition p € P a
retractionof re R to P iff vgeP(g Ltp—q Lr).

5.5 Claim (Folklore). Suppose P « R. Then P <« R iff every condition
r € R has a retraction to P.

Proof. If &/ C P is predense in P, and r € R, then let p be a retraction of
r to P. Thereis g € & such that ¢ Y p. By 54, g £ r, so p does not
contradict the predensity of &/ in R. Nowlet r ¢ R, and let &/ C P be an
antichain maximal with respect to the property that if ¢ € &, then g L r. If
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P <y R, then &/ is not maximal in P. Let p € P be such that ¢ L p for all
ge & . If s e P is compatible with p, and ¢ <p s, p, then ¢ L g for every
g € & ,hence t [ r by the definition of %/ . This proves that p is a retraction
of rto P. O

5.6 Corollary. Assume that V C V't are both transitive ¢-models. If V I P <y
R, then V' IFP «p+ R.

Proof. Note that “p is a retraction of r to P” is absolute for transitive e-
models. O

The terminology of retractions provides us with a convenient approach to
remainders. Suppose P <y R, and let G C P be generic over V. Then we
identify R/P with the set {r € R: 3p € Gp is a retraction of r to P}, partially
ordered by the relation: r; <g/p r iff Vr; <g 1y (r, Lg ¥ — 3Ip € Gr; Lg p)
iff Vry <gry (rp Lgr - r, ¢ R/P). Clearly, pltp ‘r €¢ R/P’iff p is a
retraction of r to P. Notice also that » € R/P iff Vp € Gr L p, and that the
relation <g/;p contains <g N(R/P)? as a subset. The following observation is
also helpful.

5.7 Claim. If r Lgsp r*, then there is an ry € R/P such that r; <g 7, r*.

Proof. If r [gsp r*, then there are p € G and r, € R such that p Itp
‘r,rp,r* € R/IP&ry <gjp r,r*. So p is a retraction of r, r*,r,. Let &
be a maximal antichain below r, in R such that ¢ < p or ¢ L p for all
g € & . Since the set of retractions of elements of &/ is predense below p,
(otherwise p would not be a retraction of r;), there is some r; € & NR/P.
This r; can not be incompatible with p, therefore r| <gp p, r. If 1o <g 11,
and if py is a retraction of ry to P, then py <p p. Therefore, py IFp
‘r,ri,ro € R/P&ry <gsp r, r*.” By the definition of <g/p, this implies that
ro Lr r and rg Lgr r*. Since the above is true for all rg <g r;, we must have
rn<gr,r. Q0

Proof of 5.2. (a) Since no condition of R*/R is mentioned in the construction
of PxFn(w,, 2), we can identify R**P xFn(w,, 2) with (RxPxFn(w;, 2))*
(R*/R) . It remains to show that

(1) VRIF ‘R*/R is harmless’ implies

(2) VR«PxFn(@1.2) | <R+ /R is harmless.

Since P x Fn(w;, 2) has precaliber w;, and forcing notions of precal-
iber w; do not destroy the c.c.c., the remainder R*/R retains the c.c.c. in
YRePxFa(.2)  Now let Q~ € VR*PxFa(@1.2) pe a countable subset of R*/R.
By the c.c.c. of P x Fn(w,, 2), there is a countable Q € V'R such that Q— C
Q C R*/R. In V'R we find a countable Q* such that Q C Q <= R*/R.
By 56, Q+ <<Vn.r>x|rn(¢u| ,2) R+/R This proves (2)

(b) First we want to convince ourselves that

(3) IFg+ ‘P <= Pt implies

(4) kg ‘P <ypr (R* % P*)/R

(4) should be understood in the following way: We identify P with the set
of all pairs (lg+, p), where p € P, and (R* x P+)/R with the set of all pairs
(r, p), where r € R* has some retraction 7y to R which is in the generic filter
GCR.
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Suppose now that (3) does not imply (4). Then there exist: an R-name D
for a predense subset of P, and conditions (r, p) € R* x P* and ry € R such
that rolkg “(r, p) e R*«P*/R and (r,p) L g forall ge D’

Then r; is a retraction of r to R. In particular, r fgr+ rg. Let ri <g+ r, 19.
Then r; g+ ‘Vq € Dgq Llp. p .’ But this contradicts (3).

Since VR I ¢ (R**P*)/R is harmless,” by 5.3, also V'R*P | < (Rt «P*)/(R*P)
is harmless.’” Reasoning as in point (a), one easily proves that also V' R*PxFn(8.2)
IF “(R**P*+)/(R+P)) x Fn(w, , 2) is harmless.” Since Fn(w;, 2)/Fn(g, 2) is
isomorphic to Fn(w,, 2), this implies 5.2(b). O

Proof of 5.3. By 1.1(e), R is equivalent to P x (R/P). Since R satisfies the
c.c.c., both P and R/P satisfy the c.c.c. as well (the latter in ¥'?). For P this
is obvious, for R/P not hard to see: Suppose &/ isa P-name and p € P is
such that )

(5) pIF ‘&7 is an uncountable antichain in R/P.” Consider an uncountable
collection {(pg, r:): £ < w1} C P+R/P such that p: € P, p <p, pslFp ‘¢
is the £th element of &7 .’

By the c.c.c. for R, we have (pg, r) Lr (py, ry) for some ¢ < n. This
means that there is a p < pg, p, such that p Ikp ‘re fLgsp ry. The latter
contradicts (5).

It remains to check the second condition for harmlessness. Assume that in
VP, Q~ is a countable subset of R/P. By the c.c.c. of P, there is a countable
Q in V such that Q— C Q C R. Since R is harmless, there is a countable Q*
in V such that PUQ C Q" <y R.

We show that Q*/P <y» R/P. If ¢q,q* € Q"/P, and q [Lgrp q*, let
r € R/P be such that r <g ¢, g¢*. Such an r exists by 5.7. Consider an
antichain ./ C R maximal below r and consisting of retractions of r to Q*,
and denote for every s € & : re(s) = {p: p is a retraction of s to P}. Since
U{re(s): s € &} is predense below r, there must be some retraction go in &
which is simultaneously in Q*/P. Clearly, gy < g, ¢*. We have thus shown
that g Lqo+/p ¢*, and hence, that Q*/P < R/P.

Suppose now that r € R/P. Reasoning as above, we find a retraction g of
r to Q* so that ¢ € Q*/P. It remains to show that g is a retraction of r to
Q*/P as well. If not, thereisa p € G and a ¢; € Q* such that

(6) Fp ‘g, q1, r e R/P&q Loip q1&q1 Lypp T’

By 5.7, we may without loss of generality assume that q; <g¢+ ¢. Then ¢,
is a retraction of r to Qt, and p is a common retraction of r and ¢;. Let
g2 <+ q1,p. Then g, is compatible with r, so suppose r; <r g2, 7. Let
p1 be a retraction of r; to P. Then p; is a retraction of g; to P as well,
and we may also assume that p; <p p. But then p; IFp ‘r; € R/P, s0 p; IFp
‘q1 Lryp r,” which contradicts (6). O

We conclude this section with the

Proof of 5.1(a). If Qp <y Py and Q; <y P; are both countable, then the
Boolean completions of Qy and Q; are isomorphic. This isomorphism in-
duces an isomorphism F: V@ — VQ of the classes of Qg- and Q;-names.
(The reader is advised to interpret the preceding sentence in his or her favored
approach to forcing before reading the rest of this proof. If VQ VQ are
treated as Boolean-valued models, then they are simply the same. But in what
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follows, we specifically need a function that sends Qg-names to Q;-names. It
does not need to be one-to-one though; it suffices that F respects equivalence
of names.)

It will be easier to prove the lemma, if we strengthen it a little.

Lemma 5.1(a)’. If Py, P, are as in (a) of Lemma 5.1, Qq, Q,, F as above,
0@y, ..., Ak, ksl s - -+ » Akem) is a T'-formula with all parameters shown, a, ,
..., ay are reals in the ground model, ay.,, ..., an are Qg-names, then

“-P() ¢(le9 ey Zlk’ ak+l’ ey ak+m)

l:ﬁ ”-Pl ¢(le,...,Zlk,F(dk+1),,..,F(dk+m)).

We prove 5.1(a)’ by induction over the class of ¢. If ¢ € £} (or I1}), then
by Shoenfield’s Lemma,
bpy @(@1, ovv s Qs Ayt s v s Aam) M IhQu (@1, .oy Qi Qpyrs - s Akim) s

and

Ibp, (@1, ooy Qs F(aksr)s oo > Fl@rym))
iff kg, dar, ..., Gk, Flagi1), ..o s Flakim))-

It is an immediate consequence of the choice of F that

”_QO ¢(&] 5 ey &k, ak+1, ceey dk+m)
E hgy $@r, e iy Flain)s e s Flaiom)).

5.1(a)’ is thus true for ¢ € L UTL}.
Now we assume inductively that the lemma is true for all I1!-formulas ¢,
all Py, Py, Qp, Q;, F as above, and suppose

H‘po 3)6(]3([10, ey Zlk, dk+1 s eee s dk+m_1, X).

Suppose moreover that all names @y, ..., dxim—1 are Qg-names. We let
G C Qg be V-generic and work in V[G] (which is, n.b., the same transitive
class as V[F(G)]). There is a Py/Qo-name 4., such that

VG y L )
”‘PO[/(I)O @i, s Qs Qieg1s v s Ahym)-

Since Py/Qp is harmless, there is in V[G] a countable Q° <ri6) Po/Qo
such that &, is already a Q°-name. Now let Q! be countable and such
that Q' <y Pi/Qi, and fix an isomorphism G: V[G]® — V[F(G)]? .
Then Ipb ™ @@y, ..., &, F(@ar), - s F(@m=1) > G(@kim)) . Therefore,

rpU e Axd(ar, ..., @, F(@ks) s - » F@kpm—1), X) . In other words:

”'gl 3)6(1)(211 g eeey Zlk, F(ak+1), ey F(c‘zk+m_,)).

We have thus shown that 5.1(a)’ holds for all X!  -formulas. Fora I} -

formula ¢(ay, ..., ar, ary, ... Qkym) > Suppose that

”-PO (]5([11, ee ,ak, ak+1,... ,ak+m)

and
M41’1 ¢(le, 7ak7F(ak+l)’ ""F(ak+m))’
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i.e., there is some p € P; such that ‘

D ”_Pl _'d)(zzl y ey Zlk ’ F(ak+1) FICRE] F(ak+m))'
But —¢ is a X, formula, and P, | p is, by our convention, just another
uncountable harmless forcing, and F~! | p (please define this in your favored
way) is just another isomorphism. So we may apply what we have already
proved in the other direction and get a contradiction. 0O

6. PROOF oF THEOREM B

In this section the phrase projective lifting of Bor/.# will designate a Boolean
homomorphism H: Bor — Bl such that Ker(H) = ¥ and H(X)AX € ¥
for every X € Bor. ¥ stands here either for .#—the ideal of null sets, or
Z —the ideal of meagre subsets of Z((0, 1)).

If ¢(y, a1, ..., a) isa X!'-formula of one free variable y with all parame-
ters shown, then we denote: Y([¢, a;, ..., a]={y €0, ): ¢(y, a1, ..., ar)}-
Then %L is the Boolean subalgebra of £((0, 1)) formed by all sets
Y[¢,ay, ..., a]. Similarly as the proof of Theorem A, the proof of Theo-
rem B relies on a Main Lemma.

6.1 Main Lemma B. Suppose CH holds and we are given:
- an ideal # which is either & or % ;
- a projective lifting H: Bor — %L of Bor/.* ;
- a sequence (V(&): & < w,) of transitive models for a sufficiently large frag-
ment of ZFC such that
V@ V) for E<n<on,
- H(w1) = Ugc, V(E) NH(wy).
. Whenever D C w;, then the set ND = {{ < w;: DN¢ € Vz} contains a
c.u.b. subset of wy;
- a sequence (Zy: & < wy) of subsets of w such that Zy is a Cohen real over
V(&) for ¢ < w.
Then there exist
- a normal function g: w; — wy;
- a sequence (P*: & < w,) of countable forcing notions;

-a P=;,, P¢-name X for an open subset of the interval (0, 1) such that

(T1) PH eV (g€+1) foré<aw;
(T2) P Ky PT foré <n<wi;

(T3) |P|=ay;
(T4) P =), P* forieLimnw;
(TS) For every X'-formula ¢(y, ay, ..., ay), PxFn(w,, 2) names a, ...,

ay for reals and every (p, q) € P x Fn(w,, 2), there is a cofinal subset
T Cwy sothat forall ne T, if

(T5.1) (P, q) Wprixpnw,.2) ‘YIP, a1, ..., a]AX € F, then there are an
open set U c (0,1), areal x € (0, 1), and a condition (p', q') <
(p, q) such that:

(T5.2) U, H(U) (i.e., the parameters in the X'-formula which defines H(U)),
X,ay,...,a areall members of Vigy+1y, and

either
(T53) (p', ql> ”_P'l“an(w|,2) ‘X € Y[¢, al s ey ak]&UnX = Z,’



352 WINFRIED JUST

or
(T5.4) (pl, q’) ”'P'I“an(wl .3) ‘X ¢ Ylp,a1,..., q]&UC X
Moreover, these objects may be constructed in V in such a way that the following
holds: Suppose there is a richer world V' which knows of an increasing sequence
(V(E)T: & < wy) of models for a sufficiently large fragment of ZFC such that
forall £ < w;

-V v,

- Z: is a Cohen real over V(E)* . Then the following holds in V*:

(T2+) P¢ <Ly gy P" Joré<n<ow.

One can prove 6.1 by an argument very similar to the one in [Sh1], although
its adaptation to the framework of innocuous iterations requires substantial
modifications. These, together with some generalizations of the results in this
section can be found in [BJ]. For this reason I do not want to duplicate the
proof of 6.1 here. O

We show how 6.1 implies Theorem B. The reasoning will strictly parallel that
in §3.

6.2 Claim. Suppose P is asin 6.1. Then P satisfies the c.c.c.
Proof. Like 3.2. O

Let V,x,.# be as in the hypothesis of Theorem B. We construct an in-
nocuous iteration R, of forcing notions (P,: a < k). As explained in §3, even
before the actual construction of R, we may fix a sequence (H.: a < k) of
certain potential R,-names for functions H: Bor — . in such a way that for
every potential R,-name H for a function from Bor into B!, the set:

S(H)={a€S: H|BornV, = H, | BornV,} is stationary in x. By H,
we shall denote H | Born V.

6.3 Remark. Here, as in some other places of this proof, we treat Bor as the set
of codes for Borel sets, and similarly, we think of elements of %, as represented
by X!-formulas together with their sets of parameters (which also can be coded
by reals if one likes). I hope that if not explicitly stated, it will always be clear
from the context whether a Borel or projective set is to be treated as the actual
set or its code.

Now we construct inductively the forcing notions P,. If a € ¥ — S, then
P, is an R,-name for the Cohen forcing. If a € S then we check whether the
followmg conditions hold:

(i) H, is an R,-name for a function from Bor to Z. ;

(ii) Let Xy, X; be R,-names for Borel sets.

(11a) If kg, * XQAX] € %, then IFg, HQ(X()) = Ha(Xl) )

(iib) IFg, < H,(Xo)AXy € &,

(iic) Irg, Ha((0, 1) = Xo) = (0, 1) — Ho(Xo),’ and

(iid) Ik, ‘ Ha(XoU X1) = Ho(Xo) U Ho(X))

In point (ii), the H, (X ) are treated as sets of reals. E.g., in (iia) we do not
require that H,(Xg) and H,(X,) are necessarily represented by the same code.
We may think of the formulas to the right of the “I- ”-symbols in (ii) as X!-
formulas. E.g., if H,(Xo) = Y[¢, a1, ..., ar], H (X)) = Y[y, by, ..., bnl,
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then the formula “ H,(Xy) = H,(X;)” becomes: “Vyo(y,ai,..., ar) <
v, b1, ..., by).” We should keep in mind that there is a certain shortcut
here: In general, there is no single ¢ such that IFg, “ H,(X)=Y[é, ay, ..., a],
but only a maximal antichain & C R, such that for p € &, we have
plkr, ‘Hy(X)=Y[¢p,al, ..., ai(p)] g

If one of these conditions does not hold, then P, will be Fn(w;, 2). If (i)
and (ii) hold, then IFg, * 1, is a projective lifting of Bor/_# .’

In this situation we want to design P, so as to destroy the lifting. We fix a
function f,: w; — o normal in a and such that its range is disjoint from S,
and a sequence Z'* = (Zg: ¢ < wy) of reals so that in V¥, the hypotheses of the
Main Lemma B are satisfied with H, = H and V(&) = Vy) for all . Again,
if CH holds in ¥, , then we let P, be an R,-name for a forcing notion P so
that (T1)-(T5) and (T2+) are satisfied in V,,. If CH does not hold in V, (i.e.,
if @ > w,), then we choose an w-ended structure V'~ <3, V of cardinality
w; such that w; C V'~ and everything relevant is an element of V'~ . Denote
R, =R, NV~
6.4 Claim. g, ‘ H, is a projective lifting of Bor/.# .’

Proof. This boils down to showing that (i) and (ii) are still satisfied if we replace
H, by H,NV~ and IFg, by IF5— . Recall that all formulas to the right of the
IFg,-symbol in (ii) are X!. Notice further that if ¢(ay, ..., ax) is X!, and
IFr, ¢(ar, ..., a), then there is some y < a such that a;,..., @ are R} -
names (where R; = R, N V™). This follows from the c.c.c. and the fact that
cf(a) = w, . Now ”-R;H ‘”-Ra/R;l olay, ..., a,).

By 2.11, the remainder R, /Ry‘ +1 1s equivalent to an innocuous iteration.
Hence, ”‘R;“ ‘¢(ay, ..., &) holds in some extension via an uncountable harm-

less forcing.” By 5.1(a), H—R_‘ ‘¢(ai, ..., a;) holds in every extension via an
7+

uncountable harmless forcing.” By 2.9 and absoluteness of the relevant formulas,
andsince sup V" Na=a>y+1, Ikg- ‘R | is equivalent to an innocuous
y+1 ’

iteration of uncountable length.’ It follows that IFg- ¢(a, ..., a). O

We have thus shown that V=~ = VR. satisfies the hypothesis of the Main
Lemma B. We let P, be an R} -name for a forcing notion P so that (T1)—(T5)
and (T2+) are satisfied in V. Since the forcing notions P¢ are countable, we

may without loss of generality assume that the underlying set of P is w x ¢
for all &.
This finishes the description of R, . We show that it works.

6.5 Claim. R, is innocuous.

Proof. Like the proof of 3.4. O

6.6 Corollary. R, satisfies the c.c.c. O
6.7 Corollary. Vi IF ‘2 =x.” O

It remains to show that in V, there is no projective lifting of Bor/.# . Sup-
pose there is one, and let H be its name. For simplicity of notation, assume
Itr, “ H is a projective lifting of Bor/.# .
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Let a € S(H). At stage a of the construction of R, both (i) and (ii)
were satisfied. For (i) this is obvious. For point (ii), reason as in the proof
of 6.4: If ¢(a;, ..., a) is one of the formulas to the right of the “I+- -
symbol in (ii), then all parameters are already in V,,; for some y < a. Then
bR, “IFR,,, . o(ay, ..., a), hence, IFR,,, ‘¢(ai, ..., @) holds in some (and
therefore all) extensions via an uncountable harmless forcing,” hence IFg
¢ ”-RHLG ¢(Zl1 5 eees llk) ,’ hence “_Ra ¢(dl s eees ak) .

That means that we iterate at stage a a forcing notion P, which satisfies
(T1)-(TS) and (T2+) of the Main Lemma B. Consider the open set X C (0, 1)
whose existence the Main Lemma B postulates. Let X be an R ,-name for X,
where R, | =R P, . We show thatno Y[¢, a;, ..., &] (where a, ..., a
are Ry-names) can be a value for H[X].

Let (r, p, q) be an element of R; *P, xFn(w,, 2),andlet ¢(y, ai, ..., ax)
be a X!-formula with one free variable y and all parameters shown. Further-
more, let a;, ..., @ be R, xFn(w;, 2)-names for reals. By the construction
of P,, there are (r', p', ¢') € R; P! x Fn(w, 2), and R, ,-names X for
areal and U for an open set such that either:

P+1

(T5.1) (', 05 &) Fgoabroiskn(e,.2) Y16, a1, ..., &lAX ¢ 7 or

(T5.3) (.r',l.a’,q’) PR wbre xFn(w,,2) DX @15, G)&UNX = 2&X €
H;[U], or

(T5.4) (', ', @) Fp-sprotapn, 2 "O(Xs a1y on, @) &U

c X&se H[U]”

Notice that in either case the formula to the right of the “ I ”-symbol is a X!-
formula w(x, a1, ..., &, @41, ---, dxem)- The fact that a given projective
set is null or meagre can be expressed by a X!-formula. The extra parameters
come from the definitions of U and H;[U].

We may assume that all the relevant names: X, dap, ..., Qgom, U are
R}( 2ine1)) * P7+! x Fn(f, 2)-names, for some f < w;. To see this, reason as
follows: By the cofinality of T in w,, we may choose # large enough so that
ap, ..., a are elements of V(,+1)) . Condition (T5.2) of the Main Lemma
takes care of the other names (in case of clauses (T5.3) or (T5.4)).

Denote y = f(g(n + 1)). By our choice of f, cf(y) # w,. Therefore,
reasoning as in the proof of 2.11, one can show that in ¥® | the remainder
R /R, is harmless.

Let r* be a retraction of r to R, . Applying Lemma 5.1(b) with Ry [ #/
in the role of R*, and R} [ r* in the role of R, we infer that

’ 7 . . . s .
(r*5p » q > “_Ry_*PqHXFn(w],Z) v/(xs ar, ..., Ak, ak+l 3 cee s ak+m)-

From 5.1(c) with R, in the role of R, Ry in the role of R*, P"t! in the
role of P, and P in the role of P*, we deduce that (r*, p’, q') IFg- Fn(@r,2)
y/(x>dls~-’akaak+19“-5dk+m)' .

Because the set of (7', p’)’s as above is dense below (r, p), we have for any
particular X!-formula ¢(y, a;, ..., a):
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(r,p) IFg- 1 ‘In any extension of VR« via a countable forcing
a+
Q, and for any Q-names 4, , ..., a, there is a X!-formula

!//(x’aly cee ’dk’ak+l9 ,ak+m)

which implies that H;[X] cannot be Y[¢, ai, ..., &], and
such that w(x,a;,..., &, dxs15..- > Qiym) holds in some
(and therefore all) uncountable harmless forcing extensions of
VR;H*Q ,’

Now recall that by 2.11, IFg- 1 ‘Re/R7,, is harmless.’

Let a;,...,a, bein V. Then a,, ..., a, are already present in VR Q|
where Q is some countable fragment of the remainder R,/R_ ,. By 5.3,
R./(R,,, * Q) is an uncountable harmless forcing extension, and now it fol-
lows from (%) that Y[¢, a;, ..., a;] cannotbe H[X] in V. O
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